In this paper, carbon nanotube embedded polymer composite/nano-composites are used to regulate power flow from its source to other parts of the structure. This is done by inserting nano-composite strips in the waveguides which are modelled here as isotropic Euler-Bernoulli beams with axial, transverse and rotational degrees of freedom. The power flow is due to wave propagation resulting from a high frequency broadband impulse load. The underlying concept is that the high stiffness of the insert reduces the wave transmission between different parts of the structures. The simulations are done using a wavelet based spectral finite element (WSFE) technique which is specially tailored for such high frequency wave propagation analysis. Numerical experiments are performed to illustrate the use of inserts in maintaining the power flow in a certain region of the structure below a given threshold value which may be specified depending on various applications. The effects of parameters such as the volume fraction of carbon nanotube (CNT) in the polymer, and the length and position of the inserts are also studied. These studies help in defining the optimal volume fraction of CNT and length of the insert for a specified structural configuration.
Introduction
Carbon nanotubes (CNT) have a wide scope of applications due to their vast functionality, which includes a large elastic modulus (≈1 TPa) to density ratio [1] , this is about 25 times that of steel. This paper is aimed at tapping their very large strength to use them as a means to decrease and/or regulate the flow of energy in the form of elastic power from its source on the structure to the other parts. Here, CNT embedded polymer strips are inserted in 1D waveguides to control the flow of the entire energy, and hence the response due to the application of a high frequency impact load, to the other parts of the structure. Such impact loads are encountered commonly in gust, tool drop etc and this will find important applications, for example, to decrease the energy flow to the parts containing finer components which are prone to damage 3 Author to whom any correspondence should be addressed. from the vibration experienced by the structure. In addition, such regulation of power flow to the damaged parts of the structure may help to prevent further growth of the damage. Several studies have been presented on wave propagation in CNTs [2] and their composites.
Numerical solution of wave equations requires high accuracy in numerical differentiation and at the same time has larger spatial grids and time steps to make it computationally efficient. The wave propagation problem involves excitation of high frequency content and thus the model should be able to accurately capture the high frequency modes of the structures. Hence, in general, such problems are solved in the transformed frequency domain using Fourier methods, the spectral finite element method (SFEM) popularized by Doyle [3] is one such numerical technique well suited for wave propagation analysis. However, the conventional fast Fourier transform (FFT) based spectral finite element (FSFE) method [3] has several serious limitations, primarily due to the required assumption of periodicity in time approximation. These drawbacks of the FSFE method can be circumvented using a wavelet based spectral finite element (WSFE) method [4] while retaining the advantages, as the later method, WSFE, uses a localized Daubechies scaling function [5] with compact support as the basis for temporal approximation.
The main steps followed in WSFE formulation include, first, the reduction of governing partial differential equations (PDEs) into a set of coupled ordinary differential equations (ODEs) using Daubechies scaling function approximation in time. Next, the coupled transformed ODEs are decoupled through eigen analysis and each of these decoupled ODEs is solved to derive the exact shape function in the transformed domain. Using these shape functions, the exact elemental dynamic stiffness matrix relating the transformed nodal displacements and forces can be formulated following the same procedure as in conventional finite element (FE) methods.
Here, first the nano-composite inserts are incorporated in a Euler-Bernoulli isotropic beam with axial, transverse and rotational degrees of freedom (dofs). The longitudinal and flexural powers are determined as an inner product of the internal longitudinal and shear forces and the moment with the corresponding velocities at a certain spatial location [6] . Here, the power is studied in both the time and frequency domains. This power is a measure of the total energy that propagates through the structure in the form of elastic waves and it provides a better parameter to study [7] in the acoustic and vibration scenario than the squared amplitude (velocity) or force. Many researchers have used power transmission as a control parameter or cost function [8] [9] [10] . First, the placement of the nano-composite inserts is studied, where the inserts are placed at different locations along the length of a cantilever beam. Here, the aim is to reduce the power in the region beyond the insert. In addition, the insert can be designed for parameters such as the volume fraction of CNT, length and position to maintain any specified response level (power flow) in both regions. These studies result in the determination of the optimal values of the above parameters. Furthermore, the effect of inserting such an insert in a more complex structure (a 2D frame) is studied. Designing the insert to control the power flow here is more difficult because of the complicated nature of wave propagation in such structures due to the multiple reflections from the various discontinuities present. In such cases, improved optimization schemes need to be implemented. In addition, an important application that can be studied is to reduce the stress intensity factor (SIF) by incorporating an insert in a damaged structure. These topics are not addressed in the paper.
The paper is organized as follows. In section 2, the formulation for wave propagation analysis and simulation of power flow is described. In section 3, various numerical results, as stated earlier, are presented. The paper ends with some important conclusions.
Wave propagation analysis

Reduction of wave equations to ODEs
Daubechies wavelets [5] , ψ j,k (t) form compactly supported orthonormal bases for L 2 (R). The wavelets and associated scaling functions ϕ j,k (t) are obtained by translation and dilation of single functions ψ(t) and ϕ(t) respectively.
The scaling functions ϕ(t) are derived from the dilation or scaling equation,
and the wavelet functions ψ(t) are obtained as
a k are the filter coefficients and they are fixed for specific wavelet or scaling function bases. For compactly supported wavelets, only a finite number of a k are nonzero. The filter coefficients a k are derived by imposing certain constraints on the scaling functions. More details are given in [5] and are not explained here.
In an isotropic Euler-Bernoulli beam, the axial and transverse motions are uncoupled. The governing differential equations for a Euler-Bernoulli beam with axial, transverse and rotational dofs are
where u(x, t) and w(x, t) are the axial and transverse displacements, respectively. The stiffness and inertial constants are defined as
where E and ρ are the Young's modulus and mass density respectively. In the case of nano-composites, the effective Young's modulus and density are obtained using the 'rule of mixtures' [11] as follows
where E m , E cnt are the Young's modulus of the polymer matrix and CNT respectively. Similarly, V m , V cnt and V nc are the volumes of the matrix, CNT and nano-composite respectively. α is the volume fraction of CNT with respect to that of the nano-composite. For effective mass density calculation, ρ m and ρ cnt are the densities of the matrix and the CNTs respectively. The rule of mixture is commonly used to estimate the effective strength of nano-composites and gives an upper bound to the strength (Young's modulus) of the nanocomposite [12] . The force boundary conditions associated with the governing PDEs are given as
where F, V and M are the axial and shear forces and moment respectively. The first step of formulation of WSFE is the reduction of each of the governing differential equations given by equations (5) and (6) to a set of coupled ODEs by Daubechies scaling function based transformation in time [4] . For completeness, the procedure is briefly described here. Let u(x, t) be discretized at n points in the time window [0 t f ]. Let τ = 0, 1, . . . , n − 1 be the sampling points, then t = tτ (13) where t is the time interval between two sampling points. The function u(x, t) can be approximated by the scaling function ϕ(τ ) at an arbitrary scale as
where u k (x) (referred to as u k hereafter) are the approximation coefficients at a certain spatial dimension x. The other displacement w(x, t) can be similarly transformed. Thus, equation (5) can be written as
Taking the inner product on both sides of equation (15) with the translates of scaling functions ϕ(τ − j ), where j = 0, 1, . . . , n − 1 and using their orthogonal properties, we get n simultaneous ODEs as,
where N is the order of the Daubechies wavelet and the connection coefficients are defined as
For compactly supported wavelets, the first-and second-order connection coefficients
Details for the evaluation of connection coefficients for different orders of derivative are given by Beylkin [13] .
It can be observed from the ODEs given by equation (16) that certain coefficients u j near the vicinity of the boundaries ( j = 0 and n − 1) lie outside the time window [0 t f ] defined by j = 0, 1, . . . , n − 1. These coefficients must be treated properly for finite domain analysis and the wavelet based extrapolation scheme [14] is implemented for this purpose. The above method converts the ODEs given by equation (16) to a set of coupled ODEs given as
where 1 is the first-order connection coefficient matrix obtained after using the wavelet extrapolation technique. It should be mentioned here that though the connection coefficients matrix, 2 , for second-order derivative can be obtained independently, here it is written as [ 1 ] 2 as it helps to impose the initial conditions [4] . These coupled ODEs are decoupled using eigenvalue analysis
where is the diagonal eigenvalue matrix and is the eigenvectors matrix of 1 . Let the eigenvalues be iγ j , i = √ −1, then the decoupled ODEs corresponding to equation (18) are
where u j and similarly other transformed displacements are
Following exactly the same steps, the final transformed form of the equation (6) is
Similarly, the transformed form of the force boundary conditions given by equations (10)- (12) are
where F j , M j and V j are the transformed F(x, t) and
Spectral finite element formulation
The dofs associated with the element formulation are shown in figure 1 . The element has three dofs per node, which are u j , w j and d w j /dx. From the previous sections, two sets of decoupled ODEs (equations (20) and (22)) are obtained which are required to be solved exactly for u j and w j and the actual solutions u(x, t), w(x, t) are obtained using an inverse wavelet transform. For finite length data, the wavelet transform and its inverse can be obtained using a transformation matrix [15] . Here, the spectral finite element technique is explained for the decoupled ODEs given by equations (20) and (22). In this section, subscript j is dropped hereafter for simplified notation, and all of the following equations are valid for j = 0, 1, . . . , n − 1. The exact interpolating functions for an element of length L, obtained by solving equations (20) and (22) respectively are where
is a 2 × 6 amplitude ratio matrix for each set of k 1 , k 2 and k 3 .
, k 2 and k 3 are obtained by substituting equation (26) in equations (20) and (22) and posing it as a polynomial eigenvalue problem (PEP).
Here, {a} = {A, B, C, D, E, F} are the unknown coefficients to be determined from transformed nodal displacements { u e }, where figure 1 for details of the degree of freedom the element can support). Thus, we can relate the nodal displacements and unknown coefficients as
From the forced boundary conditions, (equations (23)-(25)), nodal forces and unknown coefficients can be related as
where figure 1 ). From equations (28) and (29), we can obtain a relation between transformed nodal forces and displacements similar to conventional FE
where [ K e ] is the exact elemental dynamic stiffness matrix. After the constants {a} are known from the above equations, they can substituted back to equation (26) to obtain the transformed displacements u, w, d w/dx at any given x.
Estimation of power
The power provides an estimation of the total energy transmitting through the structure due to wave propagation. A reduction of power implies reduced response levels in the region [7] . In this work, the parameter is used to quantify the efficiency of the nano-composite insert in preventing the flow of energy from its source on the structure to the other desired locations. The power is calculated as an inner product of the internal forces developed and the corresponding velocities [6] . Here, control of power with nano-composite inserts is studied in both the time and frequency domains. First, for an isotropic beam without elastic coupling, the longitudinal and flexural powers at a given x in the time domain can be written as
Here, the internal forces F, V and M, and the corresponding velocitiesu,ẇ and ∂ẇ ∂x are obtained in the time domain from the WSFE simulations as described in the last subsections. denotes the inner product. In addition, the absolute values of the power are calculated instead of the signed values as they are better parameters for control [8] .
The other quantity studied in the time domain is the average power P av x measured at x and is given as
where j is the time sampling point and n is the total number of sampling points in the time window T w considered. Next, in the frequency domain, the longitudinal and flexural powers,P a andP f respectively are obtained aš are complex and hence, the inner product involves the product of the forces and the complex conjugate of the corresponding velocities.
Numerical experiments
In this section, three different sets of numerical experiments are presented. First, the case of a cantilever aluminium beam The next example consists of an aluminium 2D frame, as shown in figure 3 . The dynamic stiffness matrix for the frame is obtained by assembling beams of the same crosssectional dimensions as mentioned earlier. Regions 1 and 3 (see figure 3) have lengths of 1.0 m and the horizontal part is 0.8 m including the insert. Here the insert is embedded in the middle of the structure and has the same cross-sectional dimensions as the frame. Similar to the previous examples, the power P and average power P av are determined for different volume fractions of CNT and lengths of inserts. In all the examples presented, the load applied is a broadband impulse load with frequency content 44 kHz and duration 50 μs. The load is shown in the time and frequency domains in figure 4 . The order of the Daubechies scaling function used for WSFE modelling is N = 22, unless otherwise mentioned and the time sampling rate is t = 2 μs. The average power P av is obtained for a time window T w = 1024 μs. As stated earlier, the number of WSFE required to model a structure is equal to the number of discontinuities present.
Nano-composite insert at the tip of an aluminium cantilever beam
First, the beam as shown in figure 2(a) is subjected to an axial impulse load at the tip. Numerical experiments are done to find the optimal length of the nano-composite insert. As mentioned earlier, the primary function of the insert in this case is to decrease the net power/energy content of the region behind the insert. Hence, the factors to be considered in determining the optimal length L s of a nano-composite insert are: a reasonable reduction of P av after insertion of an insert with a minimum volume fraction of CNT. Here, the quantity P av defined in the previous section is measured at an arbitrary distance 1.5 m from the fixed end in region 1, for both with and without the insert. The values are determined for three different insert lengths L s (5%, 10% and 20% of the length L of beam) over varying volume fractions α and are given in figure 5 . It can be seen from figure 5 that much improvement in the reduction of the longitudinal average power P av is not achieved by increasing the insert length L s from 0.2 to 0.4 m, while an increase from L s = 0.1 to 0.2 m results in a substantial improvement in the reduction of P av . Thus, L s = 0.2 m can be considered as the optimal length, and for this length, the reduction in P av is 39% and 56% for α = 0.2 and 0.5 respectively. In figure 6(a) , the longitudinal powers P measured at a distance 1.0 m from the fixed end in region 1 are plotted for an insert of length L s = 0.2 m with volume fractions α = 0.2 and 0.5 and are also compared with the corresponding power P in the absence of the insert. Here, the impulse load is applied at the tip in the axial direction. A considerable reduction in P is observed with α = 0.2 and similarly with α = 0.5. This is expected, as the average power P av , at an arbitrary location x = 1.5 m from the fixed end in region 1 behind the nano-composite insert, shown in figure 5 , decreases due to the presence of the insert. In figure 6(b) , the longitudinal powers plotted in figure 6 (a) are shown in the frequency domain given by equation (35). It can be seen, that a considerable decrease in the amplitudes is observed in the frequency domain. However, there is no substantial shift in the natural frequencies of the structures due to the presence of the insert.
Similar numerical results are presented for a case where the impulse load is applied at the tip in the transverse direction. to 0.2 m, the amount of reduction of P av decreases. This is counter-intuitive and suggests that a prior analysis should be done before choosing the length of the nano-composite insert for a given structural configuration. In addition, it can also be observed from figure 7 , that the decrease in P av achieved with L s = 0.1 m is not substantially more than that obtained with L s = 0.05 m except for α = 0.2 and 0.5, where the difference in P av for L s = 0.05 and 0.1 is more. Thus, L s = 0.05 m can be considered as the optimal length. However, the percentage reduction achieved with an insert of length L s = 0.1 m with α = 0.2 and 0.5 are respectively 16 and 40. In figure 8(a) , the flexural power calculated at a point 1.0 m from the fixed end in region 1 (see figure 2(a) ) is plotted for an insert of length L s = 0.1 m with α = 0.2 and 0.3, and is compared with the results for the beam without the nano-composite insert. Even here, a substantial reduction in the power P due to the insert is obtained and is congruous with that observed in figure 7 . The corresponding flexural powers are plotted in the frequency domain (refer to equation (35)) in figures 8(a) and (b) for the frequency ranges 0-15 and 15-35 kHz, respectively. However, here, unlike the longitudinal power, a considerable shift in the natural frequencies is observed along with a decrease in the amplitudes.
Nano-composite insert at the middle of an aluminium cantilever beam
Next, the nano-composite insert is placed at the middle of the beam length as shown in figure 2(b) . For such a configuration, the power may increase in the part of the beam in front of the insert, where the load is applied, while it decreases in the region behind the insert. Thus, here, care must be taken to maintain this parameter below a certain specified value in both regions, namely, regions 1 and 2 as shown in figure 2(b) . In other words, the controllable parameters i.e. length L s of the insert and volume fraction α should be designed such that while decreasing the power in region 1, the power in region 3 remains below the allowable value which may be specified depending on the particular application. In figure 9 , the average longitudinal power P av obtained at distances 0.75 m from the fixed and free ends in regions 1 and 3 respectively are plotted for three different L s = 0.1, 0.2 and 0.3 m with varying volume fractions α. The plots show that the decrease in the average power P av does not improve much by increasing L s = 0.2 to 0.4 m and thus L s = 0.2 m can be considered to be optimal. The reductions in P av in region 1, as calculated from figure 9, are 68% and 71% for L s = 0.2 m with α = 0.2 and 0.5 respectively. As mentioned earlier, the corresponding average power in region 3 increases from that for the beam without the insert. The reason for this behaviour is that the high stiffness of the insert reflects a part of the wave and increases power flow in region 3 while it decreases the power in region 1 due to the decrease in the transmitted wave. Figures 10(a) and (b) present the longitudinal power P at a distance 0.5 m from the fixed and free ends in regions 1 and 3 respectively, due to a tip impulse load in the axial direction. The results are shown from a time window T w = 300 μs to 650 μs and 1000 μs in figures 10(a) and (b) respectively, as the difference figure 2(b) ) for different volume fractions α and L s due to a tip impulse load in the axial direction.
in P occurs only within this window. However, the simulations are done for a time window T w = 1024 μs. The plots are presented for L s = 0.2 m with volume fractions α = 0.2 and 0.5 and are compared with the response of the beam without the insert. As expected, the power flow decreases considerably in region 1 due to the incorporation of the insert. However, in region 3 it can be seen that though the amplitudes of the longitudinal power are not increased, the average power will be increased due to the presence of more reflections.
Similar examples are presented for transverse loading to study the characteristics of flexural power due to the inclusion of the nano-composite insert at the middle of the beam ( figure 2(b) ). Here, first the average flexural power P av measured at 0.75 m from the fixed and free ends in regions 1 and 3 respectively, is plotted in figure 11 for three different lengths of insert L s = 0.1, 0.2 and 0.4 m with volume fractions varying from 0.1 to 0.5. Even here, the trend in the reduction of average flexural power P av in region 1 is the same as that observed for the case of the insert at the tip of the cantilever beam. A better reduction of P av is achieved with L s = 0.1 m than that with L s = 0.2 and 0.4 m. Thus, though one may tend to increase the length of the insert to reduce the power further, the reduction will deteriorate. An insert of length L s = 0.1 m is considered to be optimal for controlling flexural power flow and the reduction attained is 56% and 79% for α = 0.2 and 0.5 respectively. However, here, the trend of the change in power flow in region 3 due to the insert is quite different to that experienced in the longitudinal case. In this example, it can be seen that there is not much difference in P av in region 3 due the insertion of the nano-composite insert of various lengths and volume fractions. In figures 12(a) and (b), the flexural powers calculated at 0.5 m from the fixed and free ends in regions 1 and 3 respectively, are plotted for insert length 0.1 m and volume fractions α = 0.2 and 0.5. Even in this case, the plots are presented only for a time window T w within which there is a significant difference between the plots. It can be seen that a substantial decrease in the flexural power P in region 1 is achieved as expected from the previous analysis of P av . Again, an increase in the corresponding power in region 3 is observed in figure 12 (b).
Nano-composite insert embedded in an aluminium 2D frame
The basic difference between a frame and the beams discussed in the above two subsections are with respect to the nature of reflections. Reflections occur only at the ends of the beams i.e. at the free and fixed ends for a cantilever beam and for isotropic cases displacements are of either the axial or flexural type. However in the case of the frame, swaying type loading results in multiple reflections from various boundaries and displacements are longitudinal and flexural. The effectiveness of an insert in such a complicated case is studied. Region 1, region 3 and force applied are as indicated in the figure 3. P av is calculated in regions 1 and 3 and is tabulated in table 1 for an insert length L s = 0.2 m. The total average power P av is measured at a distance 1.0 m from the fixed ends in both regions 1 and 3. From table 1 it is clear that in region 1, the P av increases with an increase in volume fraction, while the trend is reversed for region 3, with an exception for α = 0.1. In table 2, the total average power P av is presented and compared for the three different structural configurations studied. The length of the insert is 0.2 m in all cases and P av values are taken from the previous tables. This helps in comparison of the effectiveness of the insert in different structures. The values have been normalized to make the average powers P av unity in the structure without the insert. It can be seen that the maximum decrease in the total average power P av occurs in the case of the beam with the insert at the tip and is followed by the case of the insert at the middle. However, for the configuration with the insert at the middle, the total power increases in region 3. In region 3, it was shown earlier that the longitudinal power increases while the flexural part does not vary much due to the presence of the insert. Also, in the case of the frame the reduction of P av in region 3 and the increase in region 1 are comparatively less. The complex nature of the waves in the frame could serve to explain this relatively smaller reduction.
Conclusion
In this work, the use of CNT embedded polymer inserts for controlling the power or energy flow in 1D structures due to elastic wave propagation is studied. The wave propagation results from broadband high frequency impulse loading to a cantilever beam and a 2D frame structure. The nanocomposite insert is used to regulate the power flow from the source, i.e., the point of application of the load, to the other required parts of the structure by placing inserts in between the source and these parts. The beams are modelled as EulerBernoulli beams with axial, transverse and rotational degrees of freedom. The parameters considered for the analysis are the power at a certain spatial location and the power averaged over a certain time window. The power at a location and time instance is obtained as the product of the internal forces and corresponding velocities. In the frequency domain, it is obtained as a product of the Fourier transform of the forces and the complex conjugate of the Fourier transform of the corresponding velocities. For simulation of the wave transmission, the governing partial wave equations are solved using the wavelet based spectral finite element. This modelling technique is specially designed for wave propagation analysis and possess several numerical advantages.
The examples presented consist of two cantilever aluminium beams with the insert at the tip in one of the beams while in the other it is placed at the middle. In both cases, it has been revealed from simulations that increasing the length of the insert does not necessarily improve the efficiency, and an optimal length has been derived. Interestingly, for flexural power the efficiency of the reduction of the power decreases with increases in the length of the insert after a certain value. The decrease in the power in the region behind the insert due to various volume fractions of CNT in the nanocomposite is also studied. In addition, in the latter case where the insert is incorporated in the middle of the beam, there is an increase in the power in the region in front of the insert, particularly for longitudinal loading. In such cases, the volume fraction of CNT in the nano-composite has to be tuned to keep the power below a certain specified threshold value in both regions. In addition to this, experiments were also done for a further complex 2D metallic frame structure with an insert, and its efficiency was studied for different volume fractions and lengths.
The future scope of this research lies in using and designing nano-composite inserts for decreasing the stress intensity factor in a damaged structure to retard further growth of the damage. In addition, optimization schemes can be implemented for better design of the insert in terms of CNT volume fractions, lengths and positions. Such optimization is more important for complex structures such as the 2D frame studied here.
